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Exercise 7

If r is the position vector (with components x1, x2, x3) and v is any vector, show that

(a) (∇ · r) = 3

(b) [∇× r] = 0

(c) [r× [∇ · vv]] = [∇ · v[r× v]] (where v is a function of position)

[TYPO: 0 should be in bold, as the curl operator yields a vector, not a scalar.]

Solution

Part (a)

∇ · r =

(
3∑

i=1

δi
∂

∂xi

)
·

 3∑
j=1

δjxj

 =
3∑

i=1

3∑
j=1

(δi · δj)
∂xj
∂xi

=
3∑

i=1

3∑
j=1

(δi · δj)δji =
3∑

i=1

3∑
j=1

δijδji

=
3∑

i=1

δii =
3∑

i=1

1 = 1 + 1 + 1 = 3

Part (b)

∇× r =

(
3∑

i=1

δi
∂

∂xi

)
×

 3∑
j=1

δjxj

 =
3∑

i=1

3∑
j=1

(δi × δj)
∂xj
∂xi

=
3∑

i=1

3∑
j=1

(δi × δj)δji

=
3∑

i=1

3∑
j=1

3∑
k=1

δkεijkδji =
3∑

j=1

3∑
k=1

δkεjjk =
3∑

j=1

3∑
k=1

δk(0) = 0

www.stemjock.com



BSL Transport Phenomena 2e Revised: Appendix A.4 - Exercise 7 Page 2 of 2

Part (c)

r× [∇ · vv] =
(

3∑
i=1

δixi

)
×

 3∑
j=1

δj
∂

∂xj

 ·
(

3∑
k=1

δkvk

)(
3∑

l=1

δlvl

)
=

(
3∑

i=1

δixi

)
×

 3∑
j=1

δj
∂

∂xj

 ·
(

3∑
k=1

3∑
l=1

δkδlvkvl

)
=

(
3∑

i=1

δixi

)
×

 3∑
j=1

3∑
k=1

3∑
l=1

(δj · δk)δl
∂

∂xj
(vkvl)


=

(
3∑

i=1

δixi

)
×

 3∑
j=1

3∑
k=1

3∑
l=1

δjkδl
∂

∂xj
(vkvl)


=

(
3∑

i=1

δixi

)
×

[
3∑

k=1

3∑
l=1

δl
∂

∂xk
(vkvl)

]

=
3∑

i=1

3∑
k=1

3∑
l=1

(δi × δl)xi
∂

∂xk
(vkvl)

=

3∑
i=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεilmxi
∂

∂xk
(vkvl)

=
3∑

i=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεilm

[
∂

∂xk
(xivkvl)− vkvl

∂xi
∂xk

]

=
3∑

i=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεilm

[
∂

∂xk
(xivkvl)− vkvlδik

]

=

3∑
i=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεilm
∂

∂xk
(xivkvl)−

3∑
i=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεilmvkvlδik

=
3∑

i=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεilm
∂

∂xk
(xivkvl)−

3∑
k=1

3∑
l=1

3∑
m=1

δmεklmvkvl

=
3∑

i=1

3∑
k=1

3∑
l=1

3∑
m=1

δmεilm
∂

∂xk
(xivkvl)− [v × v]

=

3∑
k=1

∂

∂xk
vk

(
3∑

i=1

3∑
l=1

3∑
m=1

δmεilmxivl

)
− 0

=
3∑

k=1

∂

∂xk
vk[r× v]

= ∇ · v[r× v]
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